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Abstract: Some properties of the higher grading integrable generalizations of the confor-
mal affine Toda systems are studied. The fields associated to the non-zero grade generators
are Dirac spinors. The effective action is written in terms of the Wess-Zumino-Novikov-
Witten (WZNW) action associated to an affine Lie algebra, and an off-critical theory is
obtained as the result of the spontaneous breakdown of the conformal symmetry. More-
over, the off-critical theory presents a remarkable equivalence between the Noether and
topological currents of the model. Related to the off-critical model we define a real and
local Lagrangian provided some reality conditions are imposed on the fields of the model.
This real action model is expected to describe the soliton sector of the original model, and
turns out to be the master action from which we uncover the weak-strong phases described
by (generalized) massive Thirring and sine-Gordon type models, respectively. The case of
any (untwisted) affine Lie algebra furnished with the principal gradation is studied in some
detail. The example of sˆl(n) (n=2,3) is presented explicitly.
Keywords: massive Thirring/sine-Gordon, affine Toda coupled to matter, solitons,
duality.
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1. Introduction
The so-called conformal affine Toda models coupled to matter fields (CATM) [1] constitute
the higher grading extensions of the conformal affine Toda field theories (CATFT) and have
been recently the subject of detailed investigations . In this context, after spontaneously
broken the conformal symmetry by setting a field to a constant it has been defined some
effective theories the off-critical affine Toda models coupled to matter fields (ATM). This
resembles the known relationship between the CATFT massless theories and the massive
affine Toda models (ATFT) by which many properties of the affine Toda models can be
more easily tackled and understood by regarding them as the conformal affine Toda models
with the conformal symmetry spontaneously broken [2]. Amongst the integrable theories
in 1 + 1 dimensions there are the conventional conformal Toda models associated to the
finite simple Lie algebras. Closely related to them are the massive Toda models, based
on loop algebras, which are obtained by perturbing the conformal Toda models with a
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term associated to the negative of the highest root such that the integrability is preserved
[3]. These models exhibit soliton solutions. This is a different procedure in obtaining a
massive theory as breaking the conformal symmetry by setting a field to a constant and
furthermore the theories obtained this way can have different properties.
The sˆl(n) ATM theories constitute excellent laboratories to test ideas about confine-
ment and the role of solitons in quantum field theories [4, 5, 6], duality transformations
interchanging solitons and particles [4, 7, 8], as well as the reduction processes of the (two-
loop) Wess-Zumino-Novikov-Witten (WZNW) theory from which the CATM models are
derivable [1]. It has recently been shown that the sl(2) ATM model describes a confinement
mechanism and the low-energy spectrum of QCD2 (one flavor and N colors) [6]. Recently,
some U(1) and U(1) x U(1) charged topological soliton solutions of certain class of affine
Toda models have been interpreted as charged dyonic domain walls of 4D SU(N) gauge
theory and N = 1 SU(N) SUSY gauge theory in the large N limit, respectively [9, 10].
Here we construct many field generalizations of sine-Gordon (GSG) and massive Thirring
(GMT) models associated to any (untwisted) affine Lie algebra and based on soliton/particle
duality and unitarity. These models are known to describe dual phases of the same theory,
namely a sub-model of the off-critical ATM theory defined by a local and real Lagrangian
which is expected to describe the dynamics of the soliton type solutions. Beyond the well
known sˆl(2) case the related off-critical sˆl(n) ATM model does not possess a local and real
Lagrangian, therefore we resort to a sub-model with well behaved classical solutions and
real Lagrangian in which a Noether and topological currents equivalence is inherited from
the original ATM model. In [11] the authors studied the sˆl(3) CATM soliton solutions and
some of their properties up to general 2-soliton. The local and real Lagrangian describing
the soliton sector of the sˆl(3) CATM model was shown to be a master Lagrangian from
which the generalized sine-Gordon (GSG) or the massive Thirring (GMT) models are deriv-
able [7]. Here we generalize this result at the classical level and provide a full Lie algebraic
construction for any (untwisted) affine Lie algebra. In the sˆl(n) L-ATM case it will also
be clear the duality exchange of the coupling regimes and the generalized soliton/particle
correspondences, which we uncover by providing explicit relationships between the GSG
and GMT fields. In this way we give a precise field content of both sectors, namely the
correct GMT/GSG duality, first undertaken in [12] for su(n) at the quantum level.
To this end we resort to the master Lagrangian approach [13] and the Faddeev-Jackiw
(FJ) symplectic method [14] to uncover the GSG and GMT dual sectors, respectively. In
the previous works on sˆl(n)(n = 2, 3) ATM theory [7, 8] an extension of the FJ method
applied to unravel the GSG sector produced the loss of covariance which was restored
by means of a complicated canonical transformation, so, here we overcome this problem
applying the master Lagrangian method which also provides a final Lagrangian manifestly
invariant under the relevant group symmetry of the scalar sector. In dealing with the
GMT sector the FJ method turns out to be more appropriate, in particular the Darboux’s
transformation, which is inherent to this approach, simultaneously diagonalize the spinor
canonical one-forms, decouple these fields from the Toda fields, and in addition maintains
the algebraic structures of the spinor sector for any affine Lie algebra.
The paper is organized as follows. In section 2 the model is presented, as well as its
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various properties such as the local symmetries and the remarkable Noether and topologi-
cal currents equivalence for some special gradation structures. In section 3 we address the
problem of the Lagrangian formulation of the CATM system in some suitable parameter-
ization. There exists a local action if some extra fields are introduced in the model and
that these fields are related to the original CATM fields through non-local transformations.
An off-critical ATM theory is defined by spontaneously broken the conformal symmetry
by setting the field η to a constant. In section 4 by using the gradation structure prop-
erties and the currents equivalence condition as guiding principles we define a local and
real Lagrangian sub-model which we call L-ATM. In section 5 we consider the L-ATM
model as a master Lagrangian. In section 5.1 the GSG model is obtained by replacing into
the master action suitable solutions for the “matter” fields and gauge fixing some residual
gauge symmetries. In section 5.2 the FJ reduction method is applied to the constrained
L-ATM theory in order to obtain the GMT model. In section 6 we verify the GSG/GMT
relationship by providing some mappings between the fields of the models in such a way
that the L-ATM equations of motion decouple into the relevant equations of motion of the
dual models. In section 7 we provide an explicit affine Lie algebraic construction for the
GSG/GMT correspondence based on the principal gradation of any (untwisted) affine Lie
algebra. In section 8 the examples of sˆl(2) and sˆl(3) are worked out. The last section
is devoted to the conclusions and discussions. The Appendix provides affine Lie algebra
useful properties and notations.
2. The model
In order to make this paper self-contained, in this section we present a brief review of the
construction of the CATM models [1] making some remarks on the results relevant to our
discussions. The so-called two-loop WZNW theory is the generalization of the ordinary
WZNW model to the affine case. Its action is the same as that for the usual WZNW model.
Therefore, the equations of motion for the two-loop WZNW model are [15]
∂+(∂−gˆgˆ
−1) = 0, ∂−(gˆ
−1∂+gˆ) = 0. (2.1)
where ∂± are derivatives w.r.t. the light-cone variables x± = t± x, and gˆ is an element of
the group Gˆ formed by exponentiating an untwisted affine Lie algebra Gˆ. Consider those
mappings which can be represented in a “Gauss decomposition” form
gˆ = NBM, (2.2)
where N, B and M are generated by the sub-algebras Gˆ+, Gˆ0 and Gˆ−, respectively. Intro-
ducing the mappings KL/R as ∂−gˆgˆ
−1 = NKLN
−1 and gˆ−1∂+gˆ = M
−1KRM , and taking
into account (2.1) one gets
∂−KR = −
[
KR, ∂−MM
−1
]
, ∂+KL =
[
KL, N
−1∂+N
]
. (2.3)
The construction follows by reducing the two-loop WZNW model imposing the con-
straints
(∂−MM
−1)−l = B
−1E−lB, (∂−MM
−1)<−l = 0, (2.4)
– 3 –
(N−1∂+N)l = BElB
−1, (N−1∂+N)>l = 0. (2.5)
Therefore, ∂−MM
−1 ∈
⊕
Gˆ−n and N
−1∂+N ∈
⊕
Gˆn, 1 ≤ n ≤ l − 1.
Next, define
F− ≡ E−l +
l−1∑
m=1
F−m = B∂−MM
−1B−1 (2.6)
F+ ≡ El +
l−1∑
m=1
F+m = B
−1N−1∂+NB. (2.7)
Considering (2.2) and taking into account the constraints (2.4)-(2.5), the Eqs. (2.3)
give rise to the system of equations for F±m and B
∂+(∂−BB
−1) =
[
E−l , BElB
−1
]
+
l−1∑
n=1
[
F−n , BF
+
n B
−1
]
(2.8)
∂−F
+
m =
[
El , B
−1F−l−mB
]
+
l−m−1∑
n=1
[
F+n+m , B
−1F−n B
]
(2.9)
∂+F
−
m = −
[
E−l , BF
+
l−mB
−1
]
−
l−m−1∑
n=1
[
F−n+m , BF
+
n B
−1
]
. (2.10)
Parameterize B as
B = b eηQs eνC , b = exp Gˆ∗0 , (2.11)
with Gˆ∗0 being a sub-algebra generated by all elements of Gˆ0 other than Qs and C (see
Appendix). The fields ν and η lie in the directions which are extensions of the loop algebra
and are responsible for making the system conformally invariant (see below). Replace
(2.11) into (2.8)-(2.10) to get
∂+(∂−bb
−1) + ∂+∂−νC = e
lη
[
E−l , bElb
−1
]
+
l−1∑
n=1
enη
[
F−n , bF
+
n b
−1
]
(2.12)
∂−F
+
m = e
(l−m)η
[
El , b
−1F−l−mb
]
+
l−m−1∑
n=1
enη
[
F+n+m , b
−1F−n b
]
(2.13)
∂+F
−
m = −e
(l−m)η
[
E−l , bF
+
l−mb
−1
]
−
l−m−1∑
n=1
enη
[
F−n+m , bF
+
n b
−1
]
(2.14)
∂+∂−ηQs = 0. (2.15)
The system of equations (2.12)-(2.15) defines the so-called conformal affine Toda model
coupled to matter fields (CATM) [1]. Let us point out that the data {Gˆ, Qs, l, E±l}
completely characterize the model defined above and various interesting physical properties
will depend crucially on a given data.
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The system (2.12)-(2.15) is invariant under the conformal transformation
x+ → xˆ+ = f(x+) , x− → xˆ− = g(x−), (2.16)
with f and g being analytic functions and with the fields transforming as
b˜(xˆ+ , xˆ−) = b(x+ , x−); e
−ν˜(xˆ+ , xˆ−) =
(
f ′
)δ (
g′
)δ
e−ν(x+ , x−) ,
e−η˜(xˆ+ , xˆ−) =
(
f ′
) 1
l
(
g′
) 1
l
e−η(x+ , x−) , F˜+m(xˆ+ , xˆ−) =
(
f ′
)−1+m
l
F+m(x+ , x−),
F˜−m(xˆ+ , xˆ−) =
(
g′
)−1+m
l
F−m(x+ , x−),
where the conformal weight δ, associated to e−ν , is arbitrary. The conformal symmetry
of the reduced model arises from the WZNW conformal symmetry because the current
associated to the grading operator can be used to improve the WZNW energy-momentum
tensor allowing the constraints (2.4)- (2.5) to weakly commute with it (see more details in
[1, 16]). In this paper we will be mainly interested in those models possessing the following
local symmetries
b → hL(x−)b(x+, x−)hR(x+)
F+m → h
−1
R (x+)F
+
m(x+, x−)hR(x+) (2.17)
F−m → hL(x−)F
−
m (x+, x−)h
−1
L (x−).
In fact, the system of Eqs. (2.12)-(2.15) is invariant under the above symmetries if the
following conditions are supplied
hR(x+)El h
−1
R (x+) = El, h
−1
L (x−)E−l hL(x−) = E−l, (2.18)
where hL/R(x∓) ∈ H
L/R
0 , H
L/R
0 being subgroups of Gˆ0.
One of the remarkable properties of some special class of CATM models away from
criticality is the Noether and topological currents equivalence. So, we shall assume l = Ns
in the next derivation. This is precisely the condition which characterizes the models
possessing a U(1) Noether current, which, under certain circumstances, is proportional
to a topological current. Next, we briefly describe the construction of the chiral currents
associated to the elements z−1ENs and zE−Ns and the Hamiltonian reduction CATM →
ATM (off-critical) [1]. The procedure follows by constructing two equations using the Eqs.
(2.9)-(2.10). To get the first, multiply Eq. (2.9) by z−1F+Ns−m, sum over m and take the
trace, and in the same Eq. change m by Ns −m and then multiply by z
−1F+m , sum over
m and take the trace. Add both of them and this defines the first equation. The second
equation is constructed similarly, multiply Eq. (2.10) by zF−Ns−m, sum over m and take
the trace, next, take the same Eq. and change m by Ns−m, multiply by zF
−
m , sum over m
and take the trace, and add both of them to define the second equation. The two equations
can be summarized as
Ns−1∑
m=1
∂∓Tr
(
z∓1F±mF
±
Ns−m
)
= ∓2
Ns−1∑
m=1
Tr
(
z∓1E±Ns [F
±
m , B
∓1F∓mB
±1 ]
)
+
X±, (2.19)
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where
X± =
Ns−2∑
m=1
Ns−m−1∑
n=1
Tr
(
z∓1F±Ns−m[F
±
n+m , B
∓1F∓n B
±1]
)
+
Ns−1∑
m=2
m−1∑
n=1
Tr
(
z∓1F±m [F
±
Ns+n−m
, B∓1F∓n B
±1]
)
. (2.20)
Notice that each double sum in X± vanishes separately
X± = 0. (2.21)
Next, multiply (2.8) by z−1ENs (zE−Ns) and take the trace and compare with (2.19)
to get
∂∓J± = 0, (2.22)
where
J± = ±Tr
(
z∓1E±NsB
∓1∂±B
±1
)
−
1
2
Ns−1∑
m=1
Tr
(
z∓1F±mF
±
Ns−m
)
. (2.23)
The conditions
zE−Ns = ζ z
−1ENs ≡ E0 ∈ center of Gˆ0, ζ = const., (2.24)
allow us to define the conserved currents
J± = ∓
1
2
ζ±
Ns−1∑
m=1
Tr
(
z∓1F±mF
±
Ns−m
)
, ∂µJ
µ = 0, (2.25)
j± = −Tr
(
E0B
∓1∂±B
±1
)
, ∂µj
µ = 0, ζ+ ≡ ζ, ζ− ≡ 1, (2.26)
which are the Noether and topological currents, respectively. Therefore, gauge fixing the
conformal symmetry by imposing the constraints [1]: J± = 0, the remarkable equivalence
between the two types of currents emerges
J± = 0 ⇒ J± ∼ j±. (2.27)
Notice that the above reduction amounts to setting η =constant. Moreover, it has
been shown that the soliton type solutions are in the orbit of the vacuum solution η = 0
(see [1, 5, 8]).
3. Effective action
It is well known that the non-Abelian conformal affine Toda (CAT) model and some in-
tegrable deformations of WZNW theories are equivalent to specific gauged (two-loop)
WZNW models (see e.g. [2, 17, 16]). The higher grading generalizations of the Toda
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systems associated to finite Lie algebras and their effective actions written in terms of
WZNW-type actions were considered in [18]. Our aim is to generalize these effective ac-
tions to the case of affine Lie algebras. We write a local action by introducing some extra
fields w± in the model such that these fields are related to the B and F± CATM fields
through some non-local transformations. The effective action corresponding to the system
of equations (2.8)-(2.10) is written as
1
k
I
(l)
eff = IWZW (B) +
∫
M
{< E−l, BElB
−1 > +
l−1∑
m=1
< F−m , BF
+
mB
−1 >
+ < E−l , e
−w+∂+e
w+ > + <
l−1∑
m=1
F−m , e
−w+∂+e
w+ > +
< ∂−e
w−e−w
−
, El > + < ∂−e
w−e−w
−
,
l−1∑
m=1
F+m >} (3.1)
where
IWZW (B) =
1
8
∫
M
d2xTr(∂µB∂
µB−1) +
1
12
∫
D
d3x ǫijkTr(B−1∂iBB
−1∂jBB
−1∂kB).
and w− ∈
⊕
Gˆ−n, w
+ ∈
⊕
Gˆn, 1 ≤ n ≤ l− 1. In the simplest l = 1 case the action (3.1)
reduces to the usual conformal affine Toda system. The l = 2 case coincides with those
obtained in [16, 19] for half-integral gradation of a finite Lie algebra. In [18] an analogous
expression to (3.1) has been presented which includes only the w± fields. In the case under
consideration here we have included the F± fields and regarded the w± ones as auxiliary
fields.
The Euler-Lagrange equation obtained from (3.1) by varying B is precisely the Eq.
(2.8). The equations derived from (3.1) by varying the fields F+m and F
−
m become
B−1F−mB = −
(
∂−e
w−e−w
−
)
−m
, BF+mB
−1 = −
(
e−w
+
∂+e
w+
)
m
, (3.2)
and the equations derived by varying ew
∓
are
∂∓F
±
m = −[E±l ,
(
∂∓e
±w∓e∓w
∓
)
∓l±m
]−
l−m−1∑
n=1
[F±m+n ,
(
∂∓e
±w∓e∓w
∓
)
−n
]. (3.3)
Substituting the expressions for w∓ from (3.2) into (3.3) one gets the equations of
motion (2.9)-(2.10).
Using the parameterization (2.11) and the identities (A.13)-(A.14) one can rewrite the
effective action (3.1) as
1
k
I
(l)
eff = IWZW (b) +
∫
M
{elη < E−l, bElb
−1 > +
l−1∑
m=1
emη < F−m , bF
+
mb
−1 >
+ < E−l , e
−w+∂+e
w+ > + <
l−1∑
m=1
F−m , e
−w+∂+e
w+ > +
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< ∂−e
w−e−w
−
, El > + < ∂−e
w−e−w
−
,
l−1∑
m=1
F+m >}+
1
4
Ns
∫
d2x∂µν∂
µη. (3.4)
Then, the effective action of the CATM system (2.12)-(2.15) in the parameterization
above becomes the WZW action for the field b, plus “kinetic” type terms for the fields
F± and w±m, some interaction terms between F
± and w± fields plus a potential involving
the terms of type Tr
(
E−lbElb
−1
)
and Tr(F+mbF
−
mb
−1) coupled to η, plus, finally, a kinetic
term for the two fields η and ν. The action (3.4), supplied with η = η0 =const. and the
condition (2.24), defines the effective action of the off-critical affine Toda model coupled
to matter (ATM) [1, 4, 8] and it will describe the Toda field b and the “matter” fields
F±m , w
±
m.
4. Local affine Toda model coupled to matter (L-ATM)
In the following we address the question of locality and reality of the off-critical ATM
effective action for the special models in which (2.27) holds; i.e. we consider the action
(3.4) with η =const. and the condition (2.24). The relevant physical properties of the
ATM model, such as the Noether and topological currents equivalence (2.27) which in turn
implies the particle/soliton correspondences, are stated in terms of local expressions of the
fields of the model (b and F±m ). On the other hand, in some special models associated to
the principal gradation of the algebra sˆl(n) and satisfying (2.27) it has recently been shown,
by direct verification of the soliton-type solutions, that the terms in the right hand side of
the Eqs. (2.13)-(2.14) inside the sums identically vanish for these kind of solutions [7, 11].
Moreover, the theory defined without these terms was shown to display the interesting
properties of the original off-critical sˆl(n) ATM model; i.e. Noether/topological currents
and soliton/particle correspondences [7].
In order to define a relativistic quantum field theory with real and local Lagrangian
we follow the ideas developed in the previous works [5, 7] in which some reality conditions,
consistent with the equations of motion of the model, are imposed on the fields. To proceed,
let us notice that any integral gradation of an affine Lie algebra [20] possesses a period
(e.g. for the principal gradation, period= Ns = h = Coxeter number) such that the
eigensubspaces, (e.g. the eigensubspaces of grades m and Ns−m) have the same structure.
Moreover, subspaces of grade m and −m are always isomorphic. By choosing El and E−l
as generators related by such an isomorphism, and in addition considering l to be equal to
the period associated to the gradation, i.e. l = Ns, one obtains the models satisfying the
remarkable equivalence (2.27).
According to the discussions above the subspaces F±m and F
±
l−m have the same struc-
ture, and in addition one can choose a compact real form of the Lie algebra G∗0 (see appendix
of Ref. [2]) then one is able to impose the reality conditions
(˜F±m) = ǫ F
±
l−m, b
† = b−1, ǫ = ±1, (4.1)
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where ‘ .˜ ’ maps generators with grade, say (m), to another one with grade (l −m), and
in addition it maps the corresponding ‘matter’ fields which lie in the relevant directions to
their complex conjugates, and † is the usual hermitian conjugation operation. We assume
that the representation spaces are supplied with scalar product with respect to which
(Hma )
† = H−ma , (E
m
α )
† = E−m−α , C
† = C, D† = D. (4.2)
The equations of motion for the off-critical ATM model satisfy these reality conditions
provided that we impose the constraints
l−m−1∑
n=1
enη0
[
F+n+m , b
−1F−n b
]
= 0;
l−m−1∑
n=1
enη0
[
F−n+m , bF
+
n b
−1
]
= 0, (4.3)
in the right hand side of the Eqs. of motion (2.13)-(2.14).
Notice that the expressions (4.3) have been originated from the terms containing
< ∂−e
w−e−w
−
, F+m > and < F
−
m , e
−w+∂+e
w+ > (4.4)
in the effective action (3.4), respectively.
The action (3.4) could become highly non-local when written only in terms of the fields
(B and F±m) of the ATM model. A convenient parameterization allows us to describe the
real and local part of the action. Let us introduce the W±m fields in the real and local part
of the off-critical ATM action (3.4) with η = η0 =const., such that
1
k
I
(l)
eff
= IWZW(b) +
∫
M
{elη0 < E−l, bElb
−1 > +
l−1∑
m=1
[
emη0 < F−m , bF
+
mb
−1 >
−
1
2
< E−l , [W
+
m , ∂+W
+
l−m] > + < F
−
m , ∂+W
+
m >
+
1
2
< [W−m , ∂−W
−
l−m] , El > + < ∂−W
−
m , F
+
m >
]
}. (4.5)
This defines the reduced real (local) affine Toda model coupled to matter fields (L-
ATM). Notice that (4.5) is obtained from (3.1) by neglecting the multiple commutators in
the expansions of type ∂−e
w−e−w
−
= ∂−w
− + 12 [w
−, ∂−w
−] + ..., such that only the first
term is kept in < ∂−e
w−e−w
−
, F+m > and due to the gradation structure only the second
term is maintained in < ∂−e
w−e−w
−
, El >. The same steps are followed for the w
+ terms.
From the action (4.5) we get the following equations of motion:
∂+W
+
m = −e
mη0bF+mb
−1, ∂−W
−
m = −e
mη0b−1F−mb, (4.6)
∂+(∂−bb
−1) = elη0
[
E−l , bElb
−1
]
+
l−1∑
n=1
emη0
[
F−n , bF
+
n b
−1
]
(4.7)
∂−F
+
m = −
[
El , ∂−W
−
l−m
]
; ∂+F
−
m =
[
E−l , ∂+W
+
l−m
]
. (4.8)
The Eq. (4.7) describes the off-critical sector of Eq. (2.12). Besides, taking into
account Eqs. (4.6) and the equations (4.8) one can reproduce the Eqs. (2.13)- (2.14)
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without the sum in the right hand sides, respectively. Then, (4.5) will describe the system
∂+(∂−bb
−1) = elη0
[
E−l , bElb
−1
]
+
l−1∑
n=1
emη0
[
F−n , bF
+
n b
−1
]
(4.9)
∂−F
+
m = e
(l−m)η0
[
El , b
−1F−l−mb
]
, (4.10)
∂+F
−
m = −e
(l−m)η0
[
E−l , bF
+
l−mb
−1
]
, (4.11)
written in terms of the fields b and F±. It is an easy task to show that the equations of
motion (4.6)-(4.8) [ or (4.9)-(4.11)], as well as the constraints (4.3), supplied with convenient
transformations for theW±m fields, are invariant under the left-right (2.17) local symmetries;
i.e., these symmetries are preserved by the successive reduction processes.
The remarkable properties of the ATM theory is expected to translate into the reduced
real and local models. The reason is that the terms in the Eqs. of motion (2.13)- (2.14)
related to the nonlocal part of the action (3.4), which were set to zero in (4.3) to define
the L-CATM model (4.5), do not contribute to the chiral currents used to implement the
constraints in order to make the reduction CATM → ATM which gives rise to the above
remarkable currents equivalence (2.27). In fact, the X± sums in (2.20) do not contribute to
the relations (2.19) which are used to construct the conserved two chiral currents J± (2.23).
Notice that the X± sums arise due to the sums in the right hand sides of Eqs. (2.9)-(2.10)
[or (2.13)-(2.14)]. These terms were set to zero to define the (real) L-ATM. Therefore,
the L-ATM will inherit the remarkable properties of the off-critical ATM effective action.
Then, one expects that the (real) L-ATM model will inherit from the ATM model such
properties as the Noether/topological currents and soliton/particle correspondences which
are intimately related.
Actually, they have been verified in particular instances: the subset of soliton type
solutions of the Eqs. of motion (2.12)-(2.15) of sˆl(n) (n = 2, 3) CATM model in the orbit
of the conformal group (η = 0) satisfy the reality conditions (4.1) for the fields b and F±m
and the Eqs. of motion (4.9)-(4.11) of the (real) L-ATM model, as well as the equivalence
(2.27) [4, 5, 7, 11].
5. The L-ATM model as a master Lagrangian
We regard the (L-ATM) theory (4.5) as a master action from which the (generalized) sine-
Gordon (GSG) and (generalized) massive Thirring (GMT) dual models are derivable. In
the next subsections we follow the master action approach (see e.g. [13]) and the Faddeev-
Jackiw (FJ) method [14] to unravel the GSG and GMT dual sectors, respectively.
5.1 Generalized sine-Gordon model (GSG)
In order to uncover the GSG sector of the model (4.5) we follow the well known technique to
perform duality mappings using the master action approach [13]. Although this technique
was initially applied to vectorial models it will prove to be useful in our context. This
technique consists of two points. (1) provide a master action describing the model and
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some auxiliary fields. (2) establish a field equation for the auxiliary fields, solve a subset of
fields in terms of the other fields and then substitute the solution into the master action.
The actions are equivalent at the classical level and the relationship between them is usually
referred as duality. In connection to these points, recently a parent Lagrangian method
was used to give a generalization of the dual theories concept for non p-form fields [21].
In [21], the parent Lagrangian contained both types of fields, from which each dual theory
was obtained by eliminating the other fields through the equations of motion. 1
Following the approach one can remove the derivatives over x± in Eqs. (4.8) and write
them as
F+m = −
[
El , W
−
l−m
]
− f+m(x+), F
−
m =
[
E−l , W
+
l−m
]
+ f−m(x−), (5.1)
with f±m(x±) being analytic functions. Making use of Eqs. (5.1) and (4.6) and disregarding
surface terms one can write the master action (4.5) as
1
k
I
(l)
eff = IWZW (b) +
∫
M
{elη0 < E−lbElb
−1 > −
1
2
l−1∑
m=1
emη0
[
2 < f−mbf
+
mb
−1 > +
< [E−l , W
+
l−m]bf
+
mb
−1 > + < [El , W
−
l−m]b
−1f−mb >
]
} (5.2)
Solving the auxiliary fields f±m by means of their Euler-Lagrange equations of motion
and replacing into the action (5.2) one gets
1
k
I
(l)
eff = IWZW (b) +
∫
M
{elη0 < E−lbElb
−1 > +
1
4
l−1∑
m=1
emη0 < [El , W
−
l−m]b
−1[E−l , W
+
l−m]b >}. (5.3)
In order to obtain the GSG sector we resort to a convenient gauge fixing procedure. In
fact, the action (5.3) is invariant under the local symmetries (2.17) provided that W−m →
h−1R (x+)W
−
mhR(x+), W
+
m → hL(x−)W
+
mh
−1
L (x−), and E±l satisfy (2.18). Therefore, one
can make the transformation: b→ b′ and [E∓l , W
±
l−m]→ Λ
∓
l−m, with Λ
±
l−m being constant
elements in Gˆ±(l−m) satisfying reality conditions similar to F
±
l−m in (4.1). Then the gauge
fixed version of (5.3) becomes (set η0 = 0)
1
k
I
(l)
eff = IWZW (b) +
∫
M
[
< E−lbElb
−1 > +
l−1∑
m=1
< Λ−mbΛ
+
mb
−1 >
]
. (5.4)
Below we shall consider the equation of motion
∂+(∂−bb
−1) =
l−1∑
n=1
[
Λ−n , bΛ
+
n b
−1
]
(5.5)
1Proving duality by substituting one set of solutions of field equations into the master action would be
not legitimate. The correct strategy is to compare the field equations corresponding to the dual theories.
The procedure will be justified below (Section 6) when we compare the field equations of both dual models
through some mapping between the spinors (Dirac fields) and the scalars (Toda fields).
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which is obtained from (5.4) in the special case (2.24); i.e [E±l , G
∗
0 ] = 0. The Eq. (5.5)
defines the generalized sine-Gordon model (GSG). The parameters Λ±m have dimension
of mass and k = κ/2π, (κ ∈ ZZ). The model (5.4) for l = 1 and particular El’s has
been considered in the literature from different points of view; e.g. in [17] the soliton and
solitonic string spectrum, of a version with non-Abelian G∗0 and some local symmetries,
have recently been obtained and the relevance of its charge spectrum in the “off-critical”
AdS3/CFT2 correspondence have been discussed. In the next sections we will relate the
model (5.5) to a generalized massive Thirring model.
5.2 Generalized massive Thirring model (GMT)
In this section we perform the reduction using the Faddeev-Jackiw (FJ) method which
proved to be useful in the simplest case of sˆl(n) (n = 2, 3) L-ATM models [8, 7]. This
method will allow us to uncover the GMT sector of the master action (4.5). To this
end we use some constraints of the type (2.27) which are implemented through Lagrange
multipliers and considered as additional terms in the master action. Let us write the
relationship (2.27) and the master action in terms of the b and W±m fields by using the
solution (5.1) with f±m = 0. Then from (5.1) and (2.25)-(2.27) one has
Tr
[
E0
(
b−1∂+b−
1
2ζ
∑
m
[W−l−m , [El , W
−
m ]]
)]
= 0, (5.6)
and
Tr
[
E0
(
b∂−b
−1 +
1
2
∑
m
[W+l−m , [E−l , W
+
m ]]
)]
= 0. (5.7)
Substituting F±m from (5.1) (take f
±
m = 0 for simplicity) into (4.5) we get
1
k
I
(l)
eff
= IWZW(b) +
∫
M
{< E−lbElb
−1 > −
l−1∑
m=1
[
< [E−l , W
+
m ]b[El , W
−
m ]b
−1 > +
1
2
< [E−l , W
+
m ]∂+W
+
l−m > −
1
2
< [El , W
−
m ]∂−W
−
l−m] >
]
−
< λ−
(
∂+bb
−1 +
1
2
b
∑
m
µm[[El , W
−
m ] , W
−
l−m]b
−1
)
> +
< λ+
(
∂−bb
−1 +
1
2
∑
m
νm[[E−l , W
+
m ] , W
+
l−m]
)
>}, (5.8)
where we have included some constraints of the type (5.6)-(5.7) through Lagrange multi-
pliers λ± ∈ Gˆ0, λ± = λ
a
±T
(0)
a . Clearly, λa will stand for Tr
(
T
(0)
a λ
)
. We have included
the parameters µm and νm, they will be fixed below to write a covariant final Lagrangian.
Here the sum in “m” is understood as follows: for each spinor bilinear associated to the
positive root α(m) with height “m” and its degeneracy denoted by “i” one must associate
a parameter µim (ν
i
m) in front of it.
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The L-ATM system (4.5) possesses global versions of the symmetries (2.17) for sub-
groups such that hL = h
−1
R = hD =constant, namely
b→ hDbh
−1
D , F
±
m → hDF
±
mh
−1
D , W
±
m → h
−1
D W
±
mhD, (5.9)
and taking into account the relationships (5.1) with f±m = 0, these symmetries give rise to
U(1) Noether currents (jµ)a,m with components
(j0)a;m,i =
1
8
(
[[E−l , W
+
m,i] , W
+
l−m,i]− [[El , W
−
m,i] , W
−
l−m,i]
)
a
(5.10)
(j1)a;m,i =
1
8
(
[[E−l , W
+
m,i] , W
+
l−m,i] + [[El , W
−
m,i] , W
−
l−m,i]
)
a
, (5.11)
with possible degenerations for each m denoted by the index i. So, we have the conservation
laws
∂µj
µ
a;m,i = 0. (5.12)
In the case of the principal gradation (see below) hD = exp(H), H = Cartan sub-
algebra of G0, there are N(=number of positive roots) U(1) currents.
In order to apply the FJ method we need to write (5.8) as a first order Lagrangian. Let
us parameterize b = b(ξa), a = 1, ..., dim(G∗0 ). To find the canonical momenta we introduce
the two-form A = 12Aab(ξ) dξ
a ∧ dξb which allows as to rewrite the Wess-Zumino term as
1
3
Tr
(
db b−1
)3
= dA. (5.13)
Fortunately we will not need to know A explicitly below, and in some special cases
this term indeed vanishes, as is the case for Abelian G∗0 . We next introduce the nonsingular
matrix Nab(ξ) by
∂b
∂ξa
b−1 = Nab(ξ)T
b, T b ∈ G∗0 . (5.14)
Then the canonical momentum conjugate to ξc is written as
Πc =
∂L
∂ξ˙c
=
1
4
(
NcbNdbξ˙
d −Aca∂xξ
a
)
−
1
2
λa−Nca +
1
2
λa+Nca. (5.15)
On the other hand, let us write the spinor fields as
W+m =
∑
λ(m),i
ψ
λ(m),i
L T
(m)
λ(m),i, W
−
m =
∑
λ(m),i
ψ
λ(m),i
R T
(−l+m)
λ(m),i (5.16)
where T
(m)
λ(m),i and T
(−l+m)
λ(m),i are the eigenvectors of [E−l , [El , .]] with nonzero eigenvalues
λ(m), and the index i stands for a possible degeneracy of λ(m).
We are assuming that the Dirac fields are anti-commuting Grasmannian variables and
their momenta variables defined through left derivatives. The momenta conjugated to the
spinors ψ
λ(m),i
R,L are found to be
Π+m,i =
∂L
∂ψ˙
λ(m),i
R
=
1
4
< [E−l , W
+
l−m]T
(m)
λ(m),i >, (5.17)
Π−m,i =
∂L
∂ψ˙
λ(m),i
L
= −
1
4
< [El , W
−
m ]T
(−l+m)
λ(m),i >, (5.18)
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The Hamiltonian of the theory (5.8) is then given by H =
∫
dxH with
H = Πcξ˙
c +Π+m,iW˙
+
m,i +Π
−
m,iW˙
−
m,i − L (5.19)
or explicitly
H = 2(Πc +
1
4
Acb∂xξ
b)N−1ac N
−1
ad (Πd +
1
4
Ade∂xξ
e) +
1
8
(∂xbb
−1)2
+4N−1ab (Πb +
1
4
Abc∂xξ
c)λa1 + 2λ
a
1λ
a
1− < E−lbElb
−1 > +
l−1∑
m=1
(
< [E−l , W
+
m ]b[El , W
−
m ]b
−1 > −
1
4
< [E−l , W
+
l−m]∂xW
+
m > −
1
4
< [El , W
−
l−m]∂xW
−
m ] >
)
+ λa0Nba∂xξ
b +
1
2
< λ0
l−1∑
m=1
(
bµm[[El , W
−
m ] , W
−
l−m]b
−1 − νm[[E−l , W
+
m ] , W
+
l−m]
)
> −
1
2
< λ1
l−1∑
m=1
(
bµm[[El , W
−
m ] , W
−
l−m]b
−1 + νm[[E−l , W
+
m ] , W
+
l−m]
)
> .
(5.20)
As usual the first order Lagrangian is obtained from (5.19) simply by written
L = Πcξ˙
c +Π+m,iW˙
+
m,i +Π
−
m,iW˙
−
m,i −H (5.21)
whereH is given by (5.20). The next step in the FJ method consists in writing the equations
of motion for the Lagrange multipliers. These equations allow us to solve the λa1’s
λa1 = −N
−1
ab (Πb +
1
4
Abc∂xξ
c) +
1
8
l−1∑
m=1
(
b
1
µ
[[El , W
−
m ] , W
−
l−m]b
−1 +
1
ν
[[E−l , W
+
m ] , W
+
l−m]
)a
(5.22)
and the remaining equations for λa0 lead to the constraints
2Nba∂xξ
b =
l−1∑
m
(
νm[[E−l , W
+
m ] , W
+
l−m]− µmb[[El , W
−
m ] , W
−
l−m]b
−1
)
a
(5.23)
The Lagrange multipliers λa1 must be replaced back in (5.21) and the constraints (5.23)
solved for the b field in terms of the W± fields. Firstly, let us replace the λa1 multipliers
into (5.21) to get
L =
l−1∑
m=1
(1
4
< [E−l , W
+
l−m]W˙
+
m > −
1
4
< [El , W
−
l−m]W˙
−
m ] > +
1
4
< [E−l , W
+
l−m]∂xW
+
m > +
1
4
< [El , W
−
l−m]∂xW
−
m ] > −
< [E−l , W
+
m ]b[El , W
−
m ]b
−1 >
)
+Πaξ˙
a −Πa(Jˆ
1)a +
1
8
l−1∑
m,n=1
< µmνn[[El , W
−
m ] , W
−
l−m]b
−1[[E−l , W
+
n ] , W
+
l−n]b > (5.24)
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where
(Jˆ1)a =
1
2
l−1∑
m=1
{νm[[E−l , W
+
m ] , W
+
l−m] + µmb[[El , W
−
m ] , W
−
l−m]b
−1}a
Before solving the constraints (5.23) it is convenient to make the following Darboux’s
transformations
W−m ⇒ b
−1/2W−mb
1/2, W+m ⇒ b
1/2W+mb
−1/2 (5.25)
in (5.23) and (5.24). This procedure is used in the FJ method in order to diagonalize the
canonical one-forms. Then (5.24) turns out to be
L =
l−1∑
m=1
(1
4
< [E−l , b
1/2W+l−mb
−1/2]∂t(b
1/2W+mb
−1/2) > −
1
4
< [El , b
−1/2W−l−mb
1/2]∂t(b
−1/2W−mb
1/2)] > +
1
4
< [E−l , b
1/2W+l−mb
−1/2]∂x(b
1/2W+mb
−1/2) > +
1
4
< [El , b
−1/2W−l−mb
1/2]∂x(b
−1/2W−mb
1/2)] > −
< [E−l , W
+
m ][El , W
−
m ] >
)
+Πaξ˙
a −Πa(J
1)a +
1
8
l−1∑
m,n=1
< µmνn[[El , W
−
m ] , W
−
l−m][[E−l , W
+
n ] , W
+
l−n] > (5.26)
where (J1)a = 12
∑
m{νm[[E−l , W
+
m ] , W
+
l−m] + µm[[El , W
−
m ] , W
−
l−m]}
a. The constraints
(5.23) become
2Nba∂xξ
b =
l−1∑
m
(
νm[[E−l , W
+
m ] , W
+
l−m]− µm[[El , W
−
m ] , W
−
l−m]
)
a
(5.27)
From this point forward we will concentrate on models such that
[E±l , G
∗
0 ] = 0, [G
∗
0 , G
∗
0 ] = 0. (5.28)
The Abelian nature of the sub-algebra G∗0 allows us to write Nab(ξ) = 1 in (5.14).
This condition turns out the equations for ξ˙a, obtained by taking the time derivative of
the constraints (5.27), more tractable; in fact, these can be solved for ξ˙a by removing one
x derivative on both sides of the equations which appear once the conservation laws (5.12)
are taken into account. For non-Abelian G∗0 solving these constraints proves to be a difficult
task due to the nontrivial dependence of Nab(ξ) on the fields ξ.
The next step consists in writing ξ˙a and ∂xξ
a which appear in the kinetic part of (5.26)
in terms of the W±m fields by making use of the constraints (5.27), the conditions (5.28)
and the conservation laws (5.12) which relates ∂tj
0 to ∂xj
1. This procedure will give rise
to current-current interaction terms in (5.26) and taking µm = νm one obtains a covariant
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Lagrangian. Notice that the terms containing the Πa’s in Eq. (5.26) cancel to each other
if one uses the current conservation laws and the constraints (5.27). Thus, one is left with
the generalized massive Thirring model (GMT)
LGMT =
l−1∑
m=1
(1
2
< [E−l , W
+
l−m]∂+W
+
m > −
1
2
< [El , W
−
l−m]∂−W
−
m ] > −
< [E−l , W
+
m ][El , W
−
m ] >
)
−
1
2
∑
m,n
< gmn(j
+)m (j
−)n >, (5.29)
where gmn = 4
(
µmµn+µm+µn
)
and the currents are given in (5.10)-(5.11). The coupling
parameters gmn are symmetric by construction, then the current-current interaction terms
can be put in a manifestly covariant form. The GMT model (5.29) includes the kinetic
terms, the mass terms < [E−l , W
+
m ][El , W
−
m ] >, and the general covariant current-current
interaction terms. The canonical pairs are
([E−l , W
+
l−m]i , W
+
m,i) and ([El , W
−
l−m]i , W
−
m,i),
where W±m,i ≡ Tr
(
W±m T
(∓m)
λ(m),i
)
; [E−l , W
+
l−m]i ≡ Tr
(
[E−l , W
+
l−m]T
(±m)
λ(m),i
)
.
From (5.29) one gets the GMT Eqs. of motion
∂+F
−
m = [E−l , ∂+W
+
l−m] = [E−l , [El ,W
−
m ]] +
1
16
[[E−l , W
+
l−m] ,
l−1∑
n=1
gmn[[El , W
−
n ] , W
−
l−n ]] (5.30)
−∂−F
+
m = [El , ∂−W
−
l−m] = −[El , [E−l ,W
+
m ]]−
1
16
[[El , W
−
l−m] ,
l−1∑
n=1
gmn[[E−l , W
+
n ] , W
+
l−n ]] (5.31)
6. GSG/GMT relationship
Here we provide the GSG/MTM correspondence by decoupling the L-ATM Eqs. of motion
(4.9)-(4.11)
(
set η0 = 0 in Eqs. (4.3) and take [E−l , bElb
−1] = 0 in Eq. (4.9)
)
into the
Eqs. of motion of the GSG (5.5) and GMT (5.30)-(5.31) models, respectively. In fact,
consider the relationships
l−1∑
n=1
[
F−n , bF
+
n b
−1
]
=
l−1∑
n=1
[
Λ−n , bΛ
+
n b
−1
]
, (6.1)
[
E−l , bF
+
l−mb
−1
]
=
[
E−l , F
+
l−m
]
+
1
16
[∑
n
gmn
[
F+l−n , W
−
l−n
]
, F−m
]
, (6.2)
[
El , b
−1F−l−mb
]
=
[
El , F
−
l−m
]
−
1
16
[∑
n
gmn
[
F−l−n , W
+
l−n
]
, F+m
]
, (6.3)
F±m = ∓[E±l , W
∓
l−m], (6.4)
l−m−1∑
n=1
[
F±n+m , b
∓F∓n b
±
]
= 0, (6.5)
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where the Eqs. (6.5) are the constraints (4.3) written in a compact form. The relationships
(6.1)-(6.4) supplied with the conditions (4.1) when conveniently substituted into Eqs. (4.9)
and (4.10)-(4.11) decouple the L-ATM equations of motion into the GSG (5.5) and GMT
(5.30)- (5.31) equations of motion, respectively.
The Noether and topological currents equivalence must also be considered along with
the relationships (6.1)- (6.5), so the Eqs. (5.6)-(5.7) written in the form (set ζ = 1)
ǫµνTr
(
E0b
−1∂νb
)
= 4Tr
(
E0
∑
m
jµm
)
(6.6)
where the currents components jµm are given in Eqs. (5.10)-(5.11), must be considered as
an additional relationship between the fields of the GMT and GSG theories.
Using (6.2)-(6.3) and the constraints (6.5) one can establish a linear system of equa-
tions for some spinor bilinears with “coefficients” given by certain exponentials of the Toda
fields, and by solving this system of equations one can obtain certain spinor bilinears of
the GMT model (5.29) related to relevant b fields of the GSG model (5.4)-(5.5), in a rather
peculiar way. These relationships are analogous to those found in [22] for fermion mass
bilinears and bosonic ones for massive (free) non-Abelian fermions which are bosonized to
certain symmetric space sine-Gordon models. The spinor bilinears expressed in terms of
exponentials of Toda fields obtained in this way when conveniently substituted into (6.1)
will provide us some relationships between the parameters of both theories, i.e. the cou-
plings gmn, the fermion mass parameters of the GMT model (5.29) and the Λ
±
m parameters
of the GSG theory (5.4)-(5.5). In fact, the various coupling parameters relationships will
determine the appearance of certain kind of dualities between both theories. In the next
sections we provide explicit examples for the assertions above.
7. GSG/GMT relationship and the principal gradation of an affine Lie
algebra
A model possessing the structures presented above is constructed in the following. Let
Gˆ be any (untwisted) affine Lie algebra provided with the principal gradation, where s =
(1, 1, . . . , 1), and grading operator, Qppal, given by (A.9) with Ns = l ≡ Coxeter number.
Therefore
Gˆ0 = {H
0
a , a = 1, 2, . . . r ; C; Qppal}
Gˆp = {E
0
α(p), E
1
−α(l−p)}
Gˆ−p = {E
0
−α(p), E
−1
α(l−p)
} (7.1)
where 0 < p < l, and α(p) are positive roots of height p, i.e. they contain p simple roots
in their expansion. In this gradation the dimension of Gˆ0 is minimal and this sub-algebra
turns out to be Abelian with Gˆ∗0 being the Cartan sub-algebra of G0.
Following (2.11) we parameterize b as
b = eϕ·H
0
(7.2)
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We choose E±l to be
E±l =m ·H
±1 (7.3)
where m is a vector inside the fundamental Weyl chamber (FWC), and so m · α > 0 for
α > 0. Then
E0 ≡m ·H
0 (7.4)
satisfies (2.24) (with ζ = 1) since [E0 , Gˆ0] = 0. Since the masses are determined by the
eigenvalues of [El , [E−l , ·]] [1] we conclude that the ϕ’s fields are massless, and the fields
in the direction of the step operators have masses m2α = 4(m · α)
2. In addition, since m
lies inside the FWC, one has mα 6= 0 for any α.
Therefore, according to the discussion in [1], all the fields in the direction of the step
operators are Dirac fields. Then one can write
F+q =
∑
α(q)
√
imψα(q)ψ
α(q)
R E
0
α(q) +
∑
α(l−q)
√
imψα(l−q) ψ˜
α(l−q)
R E
1
−α(l−q), (7.5)
F−l−q =
∑
α(q)
√
imψα(q)ψ
α(q)
L E
−1
α(q) −
∑
α(l−q)
√
imψα(l−q) ψ˜
α(l−q)
L E
0
−α(l−q) (7.6)
with 0 < q < l, and
mψα(q) = mψ˜α(q) = 2m · α(q). (7.7)
Thus, associated to the positive roots α(p) and α(l − p′), we have the Dirac fields
ψα(p,i) ≡
(ψα(p,i)R
ψ
α(p,i)
L
)
; ψ˜α(l−p
′,j) ≡
( ψ˜α(l−p′,j)R
ψ˜
α(l−p′,j)
L
)
, (7.8)
where the additional index ‘ i ’ denotes the i’th positive root α(p, i) with height p. Accord-
ing to the reality conditions (4.1) the spinors (7.8) are related to each other by complex
conjugation (
ψ
α(p,i)
R,L
)∗
= ψ˜
α(l−p′,j)
R,L , l = p+ p
′, i = j. (7.9)
In the following paragraphs we present some commutators which are useful to verify
the relationships (6.1)-(6.3). We have
[ϕ.H0 , Epα] = ϕa
r∑
b=1
nαbKbaE
p
α, where α =
∑
b
nαb αb. (7.10)
Using (7.10) and the fact that eTFe−T = F + [T, F ] + ..., we have
[F−q , bF
+
q b
−1 ] = i{
∑
α(l−q,i)
mψα(l−q,i)ψ
α(l−q,i)
L ψ˜
α(l−q,i)
R exp
(
− n
α(l−q,i)
b Kbaϕa
)
lα(l−q,i)c
+
∑
α(q,i)
mψα(q,i) ψ˜
α(q,i)
L ψ
α(q,i)
R exp
(
n
α(q,i)
b Kbaϕa
)
lα(q,i)c }H
0
c (7.11)
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where c is summed over c = 1, .., r.
The commutator related to the GSG equation of motion becomes
[Λ−p , bΛ
+
p b
−1 ] = i{
∑
α(l−p,i)
mψα(l−p,i)Λ¯
α(l−p,i)exp
(
− n
α(l−p,i)
b Kbaϕa
)
lα(l−p,i)c
+
∑
α(p,i)
mψα(p,i)Λ
α(p,i)exp
(
n
α(p,i)
b Kbaϕa
)
lα(p,i)c }H
0
c (7.12)
where Λ¯α(l−p,i) and Λα(p,i) are some (complex) constant parameters which are the compo-
nents of the Λ±p ’s when similar structure to the F
±
p ’s given in (7.5)-(7.6) are assumed for
them, so
Λ¯α(l−p,i) = Λ
α(l−p,i)
L Λ˜
α(l−p,i)
R , Λ
α(p,i) = Λ˜
α(p,i)
L Λ
α(p,i)
R . (7.13)
Taking into account Eqs. (7.2), (7.3), (7.5) and (7.6) the relationships (6.2)-(6.3) give
rise to the following expressions
e−<n
α(p,i).~ϕ> = 1+ < nα(p,i).m >−1 (ψ
α(p,i)
L )
−1ψ
α(p,i)
R
∑
q, α(q)
4igpqψ˜
α(q)
L ψ
α(q)
L < n
α(p,i).lα(q) >
(7.14)
e<n
α(l−p,i).~ϕ> = 1− < nα(l−p,i).m >−1 (ψ˜
α(l−p,i)
L )
−1ψ˜
α(l−p,i)
R
∑
q, α(q)
4igpqψ˜
α(q)
L ψ
α(q)
L .
. < nα(l−p,i).lα(q) > (7.15)
e<n
α(l−p,i).~ϕ> = 1− < nα(l−p,i).m >−1 (ψ
α(l−p,i)
R )
−1ψ
α(l−p,i)
L
∑
q, α(q)
4igpqψ˜
α(q)
R ψ
α(q)
R .
. < nα(l−p,i).lα(q) > (7.16)
e−<n
α(p,i).~ϕ> = 1+ < nα(p,i).m >−1 (ψ˜
α(p,i)
R )
−1ψ˜
α(p,i)
L
∑
q, α(q)
4igpqψ˜
α(q)
R ψ
α(q)
R < n
α(p,i).lα(q) >
(7.17)
where < x.y >≡ Kabxayb.
The constraints (6.5) provide the relationships (set η0 = 0)
l−p−1∑
q=1
[ ∑
α(p,q;i,j)
{
√
mψα(l−p−q,i)mψα(l−q,j) ǫ−i,j(1 + q1)ψ˜
α(l−p−n,i)
R ψ
α(l−q,j)
L e
<nα(l−q,j).ϕ>} −
∑
β(p,q;i,j)
√
mψα(p+q,i)mψα(q,j) ǫi,−j(1 + q2)ψ
α(p+q,i)
R ψ˜
α(q,j)
L e
<nα(q,j).ϕ>
]
= 0, (7.18)
l−p−1∑
q=1
∑
γ(p,q;i,j)
√
mψα(l−p−q,i)mψα(q,j) ǫi,j(1 + q3)ψ
α(l−p−q,i)
L ψ
α(q,j)
R e
<nα(q,j).ϕ> = 0 , (7.19)
where the sums are over all the roots of type α(p, i) such that α(p, q; i, j), β(p, q; i, j), and
γ(p, q; i, j) are also roots defined by: α(p, q; i, j) ≡ α(l− q, j)−α(l− p− q, i), β(p, q; i, j) ≡
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α(p + q, i) − α(q, j), γ(p, q; i, j) ≡ α(l − p − q, i) + α(q, j); the ǫij ≡ ±1 originate from
the Lie algebra commutators; q1, q2 and q3 are the highest positive integers such that
[α(l− q, j) + q1α(l− p− q, i)], [−α(q, j)− q2α(q+ p, i)] and [α(q, j)− q3α(l− q− p, i)] are
roots, respectively. Additional relationships are obtained by taking the complex conjugates
of (7.18) and (7.19), respectively.
The currents equivalence relation Eq. (6.6) becomes
ǫµν∂νm.ϕ =
∑
α(q)>0
2
α2
mψα(q) ψ¯
α(q)γµψα(q). (7.20)
On the other hand, conveniently substituting the Eqs. (7.14)-(7.17) and (7.18)-(7.19)
into Eqs. (7.11)-(7.12), in order to satisfy (6.1), we have a set of relationships between the
parameters Λ±q
(
i.e. the Λα(q,i), Λ¯α(q,i) parameters in Eq. (7.13)
)
, m
α(q)
ψ and gpq. In fact,
these relationships will encode the weak-strong duality exchange of the various coupling
parameters: g → 1/g. Below we present explicit constructions for the cases sˆl(2) and sˆl(3).
8. Examples
8.1 The example of sˆl(2)
The simplest sˆl(2) L-ATM theory was extensively studied from different points of view
in Refs. [4, 5, 6, 8, 23]. Here we present some well known results in order to illustrate
our constructions above. In this case the theory contains the usual sine-Gordon (SG) and
the massive Thirring (MT) models describing the soliton/particle correspondence of its
spectrum [4, 5, 23]. The one-(anti)soliton solution satisfies the reality conditions (4.1), the
remarkable SG and MT classical correspondence in which, apart from the Noether and
topological currents equivalence (7.20), MT spinor bilinear is related to the exponential of
the SG field [4].
In this case the Eqs. (7.2), (7.3), (7.5) and (7.6) become, respectively
b = eϕH
0
, E±2 ≡
1
4
mψH
±1 (8.1)
F+1 =
√
imψ
(
ψRE
0
+ + ψ˜RE
1
−
)
, F−1 =
√
imψ
(
ψLE
−1
+ − ψ˜LE
0
−
)
. (8.2)
Let us assume that the Λ±1 ’s have similar structures to the F
±
1 , then
Λ+1 =
√
imψ
(
ΛRE
0
+ + Λ˜RE
1
−
)
and Λ−1 =
√
imψ
(
ΛLE
−1
+ − Λ˜LE
0
−
)
. (8.3)
Defining W∓1 through F
±
1 = ∓[E±2 , W
∓
1 ] one can write the action (4.5) as
1
k
Il=2 = IWZW (b) +
∫
M
{
1
2
< [E−2 , W
+
1 ]∂+W
+
1 > −
1
2
< [E2 , W
−
1 ]∂+W
−
1 > +
< F−1 bF
+
1 b
−1 >}. (8.4)
Taking into account the parameterizations (8.1)-(8.2) and the reality conditions (4.1)(
F˜±1 = F
±
1 , with ǫ = 1
)
, i.e. ψ˜R,L = −(ψR,L)
∗ and ϕ pure imaginary (so, ϕ → iϕ
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with the new ϕ being real), from (8.4) one gets the sˆl(2) L-ATM Lagrangian 2
1
k
Ll=2 =
1
4
∂µϕ∂
µϕ− iψ¯γµ∂µψ +mψ ψ¯ e
2iϕ γ5 ψ, (8.5)
The Eqs. (7.14)-(7.17) provide the relationships [4]
ψRψ˜L =
mψ
4ig
(e−2iϕ − 1), ψLψ˜R = −
mψ
4ig
(e2iϕ − 1), (8.6)
and the currents equivalence Eq. (7.20) becomes
ψ¯γµψ =
1
2
ǫµν∂νϕ. (8.7)
Notice that the relations (7.18)-(7.19) in this case are trivialy satisfied. The relation-
ships (8.6) and (8.7) have been verified for N = 1 and N = 1, 2 solitons, respectively
[4, 5].
In order to relate the parameters Λ, Λ¯, mψ and g we use the equation (6.1), so we need
[F−1 , bF
+
1 b
−1] = imψ
(
ψLψ˜Re
−2iϕ + ψ˜LψRe
2iϕ
)
H0 (8.8)
[Λ−1 , bΛ
+
1 b
−1] = imψ
(
Λe−2iϕ + Λ¯e2iϕ
)
H0, (8.9)
where, Λ = ΛLΛ˜R, Λ¯ = Λ˜LΛR. Then substituting the spinor bilinears (8.6) into (8.8) and
comparing with (8.9) in accordance with (6.1), one gets
Λ =
mψ
4i g
, Λ¯ = (Λ)∗. (8.10)
The GSG Lagrangian (5.4) and Eq. (8.1) provide 1kLSG =
1
4(∂µϕ)
2 + 2mψ|Λ| cos2ϕ,
which is just the usual sine-Gordon theory. On the other hand, the GMT Lagrangian (5.29)
for the fields (8.2) becomes 1kLMT = iψγ
µ∂µψ −mψψψ +
1
2gjµj
µ, i.e. the usual massive
Thirring model. Notice the weak-strong exchange g → 1g of the coupling constant.
8.2 The example of sˆl(3)
The sˆl(3) ATM model has been considered in Refs. [7, 11]. In [11] the soliton type
solutions, calculation of their masses and the time delays due to the soliton interactions,
as well as a confinement mechanism present in the model have been addressed. Whereas
in [7] the FJ method and an extension of it were applied to the sˆl(3) L-ATM model in
order to uncover its dual phases. In this subsection we re-derive the results of [7] in the full
Lie algebraic constructions presented in previous sections. For the sˆl(3) L-ATM the Eqs.
(7.18)-(7.19) become non-trivial and the spinor bilinears have to be obtained in terms of
the exponentials of the Toda fields by solving a linear system of equations as mentioned in
the last paragraph of section 6.
2Consider γ0 = −i
(
0 −1
1 0
)
, γ1 = −i
(
0 1
1 0
)
, γ5 = γ0γ1 =
(
1 0
0 −1
)
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The Eqs. (7.2), (7.3), (7.5) and (7.6) become, respectively
b = eiϕ1H
0
1+iϕ2H
0
2 , (8.11)
E±3 ≡ m.H± =
1
6
[(2m1ψ +m
2
ψ)H
±1
1 + (2m
2
ψ +m
1
ψ)H
±1
2 ] (8.12)
F+1 =
√
im1ψψ
1
RE
0
α1 +
√
im2ψψ
2
RE
0
α2 +
√
im3ψψ˜
3
RE
1
−α3 , (8.13)
F+2 =
√
im3ψψ
3
RE
0
α3 +
√
im1ψψ˜
1
RE
1
−α1 +
√
im2ψψ˜
2
RE
1
−α2 , (8.14)
F−1 =
√
im3ψψ
3
LE
−1
α3 −
√
im1ψψ˜
1
LE
0
−α1 −
√
im2ψψ˜
2
LE
0
−α2 , (8.15)
F−2 =
√
im1ψψ
1
LE
−1
α1 +
√
im2ψψ
2
LE
−1
α2 −
√
im3ψψ˜
3
LE
0
−α3 . (8.16)
Since the parameters Λ±q [as used in (7.12)-(7.13)] have similar structures to the F
±
q ’s
we may write them simply by substituting ψiR,L → Λ
i
R,L and ψ˜
i
R,L → Λ¯
i
R,L in Eqs (8.13)-
(8.16).
Defining W∓q through F
±
q = ∓[E±3 , W
∓
q ], q = 1, 2, one can write the action (4.5) as
1
k
Il=3 = IWZW (b) +
∫
M
2∑
q=1
{
1
2
< [E−3 , W
+
q ]∂+W
+
3−q > −
1
2
< [E3 , W
−
q ]∂+W
−
3−q > +
< F−q , bF
+
q b
−1 >}. (8.17)
Using the parameterizations (8.11)-(8.16) and the reality conditions (4.1)
(
F˜±1 = F
±
2 ,
with ǫ = 1
)
, i.e. ψ˜iR,L = −(ψ
i
R,L)
∗ and ϕa pure imaginary (changing as usual ϕa → iϕa)
from (8.17) one gets the sˆl(3) L-ATM Lagrangian [7]
1
k
Ll=3 =
∑
α(q)
[ 1
24
(
∂µφα(q)
)2
+ iψ
α(q)
γµ∂µψ
α(q) −mψα(q)ψ
α(q)
eiφα(q)γ5ψα(q)
]
(8.18)
where φ1 = α1.ϕ = 2ϕ1 − ϕ2, φ2 = α2.ϕ = 2ϕ2 − ϕ1, φ3 = α3.ϕ = ϕ1 + ϕ2, α3 = α1 + α2.
The currents equivalence Eq. (7.20) becomes
3∑
j=1
mjψψ¯
jγµψj ≡ ǫµν∂ν(m
1
ψϕ1 +m
2
ψϕ2), m
3
ψ = m
1
ψ +m
2
ψ, m
i
ψ > 0. (8.19)
The equivalence (8.19) has recently been verified for the various soliton species up to
2−soliton [11]. Moreover, the soliton solutions satisfy the reality conditions for the fields
(4.1), and the constraints (7.18)- (7.19).
For b and E±3 given in (8.11)-(8.12) and taking into account the elements Λ
±
1,2 the Eq.
(5.4) provides the GSG model
1
k
LGSG[ϕ] =
3∑
j=1
[ 1
24
∂µφj∂
µφj + 2m
j
ψ|Λ
j |cosφj
]
. (8.20)
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On the other hand, replacing (8.12)-(8.16) into (5.29) one obtains the GMT Lagrangian
1
k
LGMT [ψ,ψ] =
3∑
j=1
{iψ
j
γµ∂µψ
j −mjψ ψ
j
ψj} +
1
2
3∑
k,l=1
[
gkljk.jl
]
, (8.21)
where jµk = ψ¯
kγµψk.
From the relationships (6.2)-(6.3) and (6.5) between the GMT and GSG fields the
bilinears of the type ψ
α(m)
L ψ˜
α(m)
R and their complex conjugates deserve a special attention
since they appear in the Eq (7.11) and is used to establish certain relationships between
the coupling constants of both models by comparing (7.11) and (7.12) in accordance with
Eq. (6.1). So, a system of linear equations for these kind of spinor bilinears can be written
using the Eqs. (7.14)-(7.17) and (7.18)-(7.19). Solving such system of linear equations one
may get
ψ1Rψ˜
1
L
i
=
1
4∆
[
(
m1ψp1 −m
3
ψp4 −m
2
ψp5
)
ei(ϕ2−2ϕ1) +m2ψp5e
3i(ϕ2−ϕ1)
+m3ψp4e
−3iϕ1 −m1ψp1] (8.22)
ψ2Rψ˜
2
L
i
=
1
4∆
[
(
m2ψp2 −m
1
ψp5 −m
3
ψp6
)
ei(ϕ1−2ϕ2) +m1ψp5e
3i(ϕ1−ϕ2)
m3ψp6e
−3iϕ2 −m2ψp2] (8.23)
ψ˜3Rψ
3
L
i
=
1
4∆
[
(
m3ψp3 −m
1
ψp4 +m
2
ψp6
)
ei(ϕ1+ϕ2) +m1ψp4e
3iϕ1
−m2ψp6e
3iϕ2 −m3ψp3], (8.24)
where ∆ ≡ g11g22g33+2g12g23g13− g11 (g23)
2− (g12)
2 g33− (g13)
2 g22; p1 ≡ (g23)
2− g22g33;
p2 ≡ (g13)
2 − g11g33; p3 ≡ (g12)
2 − g11g22; p4 ≡ g12g23 − g22g13; p5 ≡ g13g23 − g12g33;
p6 ≡ g11g23 − g12g13.
Moreover, substituting the relations (8.22)- (8.24) into (7.11) one can show that the
GSG parameters Λj, Λ¯j in (8.20), the GMT couplings gmn and the mass parameters m
i
ψ
in (8.21), in order to satisfy (6.1), are related by
Λ1 =
1
4i∆
[
m3ψ(g12g23 − g13g22) +m
1
ψ(g22g33 − g
2
23)
]
, (8.25)
Λ2 =
1
4i∆
[
m3ψ(g12g13 − g23g11) +m
2
ψ(g11g33 − g
2
13)
]
, (8.26)
Λ3 =
1
4i∆
[
−
m1ψm
2
ψ
(m3ψ)
(g12g33 − g13g23) +m
3
ψ(−g11g22 + (g12)
2)
]
, (8.27)
m3ψp6 = −m
1
ψp5, m
3
ψp4 = −m
2
ψp5, Λ¯
i = (Λi)∗. (8.28)
Various limiting cases of the relationships (8.22)-(8.24) and (8.25)-(8.27) are pos-
sible [7]. These relationships incorporate each sˆl(2) ATM sub-model (particle/soliton)
weak/strong coupling correspondences; i.e., the MT/SG relationship (8.6)-(8.7) and (8.10).
The procedure presented so far can directly be extended to the L-ATM model for
the affine Lie algebra sˆl(n) furnished with the principal gradation. The theory will be
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described by the scalar fields ϕa (a = 1, ...n−1) and the Dirac spinors ψ
αj , ψ˜αj , (j = 1, ...N ;
N ≡ n2 (n − 1) = number of positive roots αj of the simple Lie algebra sl(n)) related to
the GSG and GMT models, respectively. From the point of view of its solutions, the one-
(anti)soliton solution associated to the field φj = αj .ϕ (ϕ =
∑n−1
a=1 ϕaαa, αa= simple roots
of sl(n)) corresponds to each pair of Dirac fields (ψαj , ψ˜αj )[1].
9. Conclusions and discussions
We have defined a real and local Lagrangian, the so-called L-ATM theory (4.5) imposing
some reality conditions (4.1) and constraints (4.3) on the fields of the off-critical ATM
model defined by action (3.4) with η =const. We have shown, in the context of the
master Lagrangian and Faddeev-Jackiw symplectic methods, that the L-ATM (4.5) theory
associated to any (untwisted) affine Lie algebra under certain special conditions expressed
in Eqs. (2.24) and (5.28), is a master Lagrangian [13] from which both the GMT (5.29)
and the GSG (5.4)-(5.5) models are derivable. We have provided some mapping between
the fields of the dual models (6.1)- (6.6) which decouples the L-ATM equations of motion
(4.9)-(4.11) into the equations of motion of each dual model, the Eqs. (5.5) and (5.30)-
(5.31), respectively. We have presented an explicit construction of these relationships in
the case of an affine Lie algebra furnished with the principal gradation. In the case of
sˆl(n) (n = 2, 3) we have provided the explicit constructions of the fields relationships and
various duality exchanges of the coupling constants of type: g → 1/g.
The master Lagrangian approach used to recover the GSG model is more suitable than
the symplectic methods since the problem of solving the spinors in terms of the scalars in
the constraints (5.27) is intractable. In the previous works [7, 8] on sˆl(n) (n = 2, 3) L-ATM
reductions based on extensions of the FJ method, the so-called symplectic quantization
methods, it was observed the loss of covariance in the GSG sector and even the group
symmetry in the bosonic sector was hidden.
The L-ATM model allowed us to establish these type of relationships for interacting
massive spinors in the spirit of particle/soliton correspondence. We hope that the quan-
tization of the L-ATM theories and the related WZNW models, and in particular the
relationships of type (7.14)-(7.17), would provide the bosonization dictionary of the GMT
fermions in terms of their associated Toda and WZNW fields. In addition, the above ap-
proach to the GMT/GSG duality may be useful to construct the conserved currents and
the algebra of their associated charges in the context of the CATM → L-ATM reduction.
These currents in the MT/SG case were constructed treating each model as a perturbation
on a conformal field theory (see [24] and references therein).
Notice that in the GSG model (5.4)-(5.5) the WZ-term does not contribute for G∗0
Abelian according to (5.28); i.e. b is an element of an Abelian group. In relation to this
point, let us mention that in [25] it has been conjectured that the nonlinear sigma model
without the WZ term for a compact simple group is equivalent as a quantum theory to the
so-called non-Abelian massless Thirring model.
In particular, the sˆl(n) L-ATM models may be relevant in the construction of the
low-energy effective theories of multi-flavor QCD2 (in which the baryons of QCD2 are sine-
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Gordon type solitons [26]) with the dynamical fermions in the fundamental and adjoint
representations, so providing an extension of the picture described in [6] for the sˆl(2) case.
In multi-flavor QCD2 effective Lagrangian the “baryons” of the theory may be described
by GMT-like theories as conjectured in [27].
Moreover, two dimensional models with four-fermion interactions have played an im-
portant role in the understanding of QCD (see, e.g. [28] and references therein). A
sˆl(3) GMT sub-model with two-fermion species defines the so-called extended Bukhvostov-
Lipatov model (BL) and has recently been studied by means of a bosonization technique
[29]. BL type models were applied to N−body problems in nuclear physics [30]. Fermion-
boson duality in 1-space quantum mechanical many-body system with non-vanishing zero-
range interactions has been derived in [31], we believe that the GSG/GMT relationship
could provide a field theoretical framework to study such type of problems.
Although S-duality must be seen at the quantum level (the 2D analogue of the Montonen-
Olive conjecture) we hope that the present work provides the algebraic recipe to construct
the bosonic dual of the GMT theory (5.29) associated to any (untwisted) affine Lie algebra
since the form of the relationships of type (8.10) and (8.25)-(8.27) between the couplings
are expected to remain almost the same in the full quantum regime (in the simplest sˆl(2)
case the SG/MT S-duality implies the shift of g by a constant in Eq. (8.10) [32]).
Notice that relaxing one or both of the conditions (5.28) one can get some deformations
of the GMT(or the GSG) model. For example the case sˆl(2) (l = 3) contains the SG theory
as a sub-model [1]. For some particular Lie algebra data the authors of Refs. [9, 33]
have been concerned with such type of systems. In [33] the author studied families of
S-dual pairs of integrable models in which the strong phase is represented by (complex)
sine-Gordon model interacting with Gˆ Abelian affine Toda theories and the weak coupling
models represent MT fermions interacting with the Abelian affine Toda model based on
the dual algebra Gˆv.
Finally, using the explicit expression for the effective action (3.4) corresponding to
the CATM model (2.12)-(2.15) one can obtain the energy-momentum tensor, and hence
compute in a direct way the masses of the solitons which were calculated in [1] as the result
of the spontaneous breakdown of the conformal symmetry. Moreover, these masses should
reproduce the ones obtained by simply using the corresponding terms of the dual model
Lagrangians (5.4) and (5.29), respectively.
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A. Affine Lie algebras
We record some Lie algebraic properties used in the present paper following the notations
and conventions of Ref. [2]. Consider an (untwisted) affine Kac-Moody algebra Gˆ furnished
with an integral gradation Gˆ =
⊕
n∈ZZ Gˆn, and denote
Gˆ+ =
⊕
n>0
Gˆn; Gˆ− =
⊕
n>0
Gˆ−n. (A.1)
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The commutation relations for an affine Lie algebra in the Chevalley basis are
[Hma ,H
n
b ] = mC
2
α2a
Kabδm+n,0 (A.2)[
Hma , E
n
±α
]
= ±KαaE
m+n
±α (A.3)[
Emα , E
n
−α
]
=
r∑
a=1
lαaH
m+n
a +
2
α2
mCδm+n,0 (A.4)[
Emα , E
n
β
]
= ε(α, β)(1 + q)Em+nα+β ; if α+ β is a root (A.5)
[D,Enα ] = nE
n
α, [D,H
n
a ] = nH
n
a . (A.6)
where Kαa = 2α.αa/α
2
a = n
α
bKba, with n
α
a and l
α
a being the integers in the expansions
α =
∑
a n
α
aαa and α/α
2 =
∑
a l
α
aαa/α
2
a, and ε(α, β) the relevant structure constants. q is
the highest positive integer such that β − qα is a root.
The symmetric non-degenerate bilinear form of Gˆ is normalized as
Tr
(
Hma H
n
b
)
,= δm+n,0ηab, T r
(
Emα E
n
β
)
,=
2
α2
δm+n,0δα+β,0 (A.7)
Tr
(
CTma
)
,= Tr
(
DTma
)
= 0; Tr
(
CD
)
,= 1. (A.8)
The integral gradations of G are defined by a set of co-prime integers s =
(
s0, s1, ...sr
)
and grading operators given by [20]
Qs ≡ Hs +NsD −
1
2Ns
Tr(H2
s
)C (A.9)
where
Hs =
r∑
a=1
saλ
r
a.H
0; Ns =
r∑
i=0
sim
ψ
i . (A.10)
The H0’s are the Cartan sub-algebra generators of G; αa, a = 1, 2, ..., r are its simple roots;
ψ is its maximal root; mψa are the integers in the expansion ψ =
∑r
a=1m
ψ
aαa, m
ψ
0 ≡ 1;
and λva are the fundamental co-weights satisfying the relation αa.λ
v
b = δab.
Notice from (A.9)-(A.10) that the generators of Gˆ0 are {C,D,H
0
a (a=1,2,...,r), E
0
±α, E
∓1
±β},
such that
∑r
a=1 saλ
v
a.α = 0 and
∑r
a=1 saλ
v
a.β = Ns. Let us denote by Gˆ
∗
0 the sub-algebra of
Gˆ0 generated by all elements of Gˆ0 except Qs and C, then we have [Gˆ
∗
0 , Qs] = [Gˆ
∗
0 , C] = 0.
Define a basis in which all generators of Gˆ0 are orthogonal to Qs and C [2]
H˜0a = H
0
a −
1
Ns
Tr
(
HsH
0
a
)
C = H0a −
2sa
α2aNs
C (A.11)
then we have
Tr(C2) = Tr(CH˜0a) = Tr(Q
2
s
) = Tr(QsH˜
0
a) = 0, T r(QsC) = Ns
Tr(H˜0aH˜
0
b ) = Tr(H
0
aH
0
b ) = 4
αa.αb
α2aα
2
b
≡ ηab, a, b = 1, 2, ..., r (A.12)
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where H0a = 2
αa.H0
α2a
, Tr(x.H0y.H0) = x.y.
For B given in (2.11) the following relations hold
ǫijkTr
(
B−1∂iBB
−1∂jBB
−1∂kB
)
= ǫijkTr
(
b−1∂ibb
−1∂jbb
−1∂kb
)
(A.13)
Tr
(
∂µB∂
µB−1
)
= Tr(∂µb∂
µb−1)− 2Ns∂µν∂
µη, (A.14)
Tr
(
F+mB
−1F−mB
)
= emηTr
(
F+mb
−1F−mb
)
(A.15)
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